
9X3 _�MF@LmHHBiv 6Q`KmH�2X

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@jX
Ç 9X8 .BK2MbBQM 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX
Ç 9Xe aT�M- +QHmKM bT�+2- `Qr bT�+2- �M/ KBMBK�H bT�MMBM; b2iX
Ç 9Xd "�bBb �M/ /BK2MbBQM- MmHH bT�+2- �M/ i?2 MQiBQM Q7 bm#bT�+2 Q7 � bm#bT�+2X

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç i?2 _�MF@MmHHBiv 6Q`KmH�2X
Ç p�`BQmb �TTHB+�iBQMb Q7 i?2 _�MF@MmHHBiv 6Q`KmH�2- 2bT2+B�HHv BM bvbi2Kb Q7 HBM2�` 2[m�iBQMbX

RX _2+�HH i?2 /2}MBiBQMb 7Q` i?2 MQiBQMb Q7 MmHHBiv- +QHmKM `�MF- `Qr `�MF- �M/ bQK2 F2v `2bmHib QM i?2K BMi`Q/m+2/
2�`HB2`X
.2}MBiBQMX ULmHHBiv- +QHmKM `�MF- `Qr `�MF Q7 �M �`#Bi`�`v K�i`BtXV
G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

U�V h?2 MmHH bT�+2 Q7 A Bb /2}M2/ iQ #2 i?2 bm#bT�+2 Q7 Rq ;Bp2M #v { x ∈ Rq Ax = 0p }X
Ai Bb /2MQi2/ #v N (A)X
h?2 /BK2MbBQM Q7 N (A) Bb +�HH2/ i?2 MmHHBiv Q7 AX

U#V .2MQi2 i?2 +QHmKMb Q7 A- 7`QK H27i iQ `B;?i- #v a1,a2, · · · ,aqX
h?2 +QHmKM bT�+2 Q7 A Bb /2}M2/ iQ #2 i?2 bm#bT�+2 Q7 Rp ;Bp2M #v aT�M ({a1,a2, · · · ,aq})X
Ai Bb /2MQi2/ #v C(A)X
h?2 /BK2MbBQM Q7 C(A) Bb +�HH2/ i?2 +QHmKM `�MF Q7 AX

U+V q`Bi2 B = At- �M/ /2MQi2 i?2 +QHmKMb Q7 B- 7`QK H27i iQ `B;?i- #v b1,b2, · · · ,bpX
UaQ b1,b2, · · · ,bp �`2 i?2 i`�MbTQb2b Q7 i?2 `2bT2+iBp2 `Qrb Q7 A 7`QK iQT iQ #QiiQKXV
h?2 `Qr bT�+2 Q7 A Bb /2}M2/ iQ #2 i?2 bm#bT�+2 Q7 Rq ;Bp2M #v aT�M ({b1,b2, · · · ,bp})X
Ai Bb /2MQi2/ #v R(A)X
h?2 /BK2MbBQM Q7 R(A) Bb +�HH2/ i?2 `Qr `�MF Q7 AX

_2K�`FX "v /2}MBiBQM- R(A) = C(At)- �M/ R(At) = C(A)X
h?2Q`2K (!)X
G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 i?2 `�MF Q7 A Bb rX UaQ i?2 `�MF Q7 i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb rXV
h?2M,ě

URV dim(N (A)) = q − rX
UkV dim(C(A)) = dim(R(A)) = rX

kX � b22KBM;Hv i`BpB�H +QMb2[m2M+2 Q7 h?2Q`2K (!) Bb i?2 ?B;?Hv MQM@i`BpB�H `2bmHi QM K�i`B+2b BM ;2M2`�H,ě
h?2Q`2K URVX U_�MF@MmHHBiv 6Q`KmH�2XV
G2i A #2 � (p× q)@K�i`BtX UaQ i?2 MmK#2` Q7 `Qrb BM A Bb p- �M/ i?2 MmK#2` Q7 +QHmKMb BM A Bb qXV
amTTQb2 i?�i i?2 `�MF Q7 A Bb rX
h?2M i?2 2[m�HBiB2b #2HQr ?QH/,ě

URV dim(N (A)) + dim(C(A)) = qX
UkV dim(N (At)) + dim(R(A)) = pX

_2K�`FX h?2 irQ 2[m�HBiB2b /2b+`B#2/ BM i?2 +QM+HmbBQM Q7 h?2Q`2K URV �`2 +QHH2+iBp2Hv FMQrM �b i?2 _�MF@
MmHHBiv 6Q`KmH�2X
h?2 b2+QM/ ǵ7Q`KmH�2Ƕ Bb �M BKK2/B�i2 +QMb2[m2M+2 Q7 i?2 b2i 2[m�HBiv R(A) = C(At)- �M/ i?2 �TTHB+�iBQM Q7 h?2Q`2K
(!) QMiQ i?2 (q × p)@K�i`Bt AtX

jX 1t�KTH2 URVX UAHHmbi`�iBQMb Q7 i?2 _�MF@MmHHBiv 6Q`KmH�2XV
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U�V G2i A =




1 1 1 1
1 0 −1 0
3 4 4 3
2 2 1 1



- �M/ r`Bi2 B = AtX

.2MQi2 #v A′ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX

.2MQi2 #v B′ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ BX

BX LQi2 i?�i A′ =




1 0 0 1
0 1 0 −1
0 0 1 1
0 0 0 0



X

h?2 TBpQi +QHmKMb Q7 A′ �`2 i?2 1@bi- 2@M/- 3@`/ +QHmKMbX >2M+2 i?2 `�MF Q7 A Bb 3X

� #�bBb Q7 C(A) Bb +QMbiBimi2/ #v




1
1
3
2



 ,




1
0
4
2



 ,




1
−1
4
1



X

h?2 /BK2MbBQM Q7 C(A) Bb 3X

� #�bBb Q7 N (A) Bb +QMbiBimi2/ #v




−1
1
−1
1



X

h?2 /BK2MbBQM Q7 N (A) Bb 1X
�b 2tT2+i2/ 7`QK i?2Q`v- r2 ?�p2 dim(N (A)) + dim C(A) = 4X

BBX LQi2 i?�i B =




1 1 3 2
1 0 4 2
1 −1 4 1
1 0 3 1



- �M/ B′ =




1 0 0 −2
0 1 0 1
0 0 1 1
0 0 0 0



X

h?2 TBpQi +QHmKMb Q7 B′ �`2 i?2 1@bi- 2@M/- 3@`/ +QHmKMbX >2M+2 i?2 `�MF Q7 B Bb 3X

� #�bBb Q7 C(B) Bb +QMbiBimi2/ #v




1
1
1
1



 ,




1
0
−1
0



 ,




3
4
4
3



X

h?2 /BK2MbBQM Q7 C(B) Bb 3X

� #�bBb Q7 N (B) Bb +QMbiBimi2/ #v




2
−1
−1
1



X

h?2 /BK2MbBQM Q7 N (B) Bb 1X
�b 2tT2+i2/ 7`QK i?2Q`v- r2 ?�p2 dim(N (At)) + dimR(A) = dim(N (At)) + dim C(At) = dim(N (B)) +

dim C(B) = 4X

U#V G2i A =

[
1 2 2 3 4
1 3 3 4 5
2 6 5 9 6

]
- �M/ r`Bi2 B = AtX

.2MQi2 #v A′ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX

.2MQi2 #v B′ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ BX

BX LQi2 i?�i A′ =

[
1 0 0 1 2
0 1 0 2 −3
0 0 1 −1 4

]
X

h?2 TBpQi +QHmKMb Q7 A′ �`2 i?2 1@bi- 2@M/- 3@`/ +QHmKMbX >2M+2 i?2 `�MF Q7 A Bb 3X

� #�bBb Q7 C(A) Bb +QMbiBimi2/ #v
[
1
1
2

]
,

[
2
3
6

]
,

[
2
3
5

]
X

h?2 /BK2MbBQM Q7 C(A) Bb 3X

� #�bBb Q7 N (A) Bb +QMbiBimi2/ #v





−1
−2
1
1
0



 ,





−2
3
−4
0
1



X

h?2 /BK2MbBQM Q7 N (A) Bb 2X
�b 2tT2+i2/ 7`QK i?2Q`v- r2 ?�p2 dim(N (A)) + dim C(A) = 5X

BBX LQi2 i?�i B =





1 1 2
2 3 6
2 3 5
3 4 9
4 5 6



- �M/ B′ =





1 0 0
0 1 0
0 0 1
0 0 0
0 0 0



X

h?2 TBpQi +QHmKMb Q7 B′ �`2 i?2 1@bi- 2@M/- 3@`/ +QHmKMbX >2M+2 i?2 `�MF Q7 B Bb 3X
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� #�bBb Q7 C(B) Bb +QMbiBimi2/ #v





1
2
2
3
4



 ,





1
3
3
4
5



 ,





2
6
5
9
6



X

h?2 /BK2MbBQM Q7 C(B) Bb 3X
h?2 ?QKQ;2M2Qmb LS(B, 05) ?�b MQ MQM@i`BpB�H bQHmiBQMX
h?2 /BK2MbBQM Q7 N (B) Bb 0X
�b 2tT2+i2/ 7`QK i?2Q`v- r2 ?�p2 dim(N (At)) + dimR(A) = dim(N (At)) + dim C(At) = dim(N (B)) +

dim C(B) = 3X

U+V G2i A =




1 −2 −1 1 0 2 0
0 0 2 3 5 −7 12
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10



- �M/ r`Bi2 B = AtX

.2MQi2 #v A′ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX

.2MQi2 #v B′ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ BX

BX LQi2 i?�i A′ =




1 −2 0 0 0 1 1
0 0 1 0 1 −2 3
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



X

h?2 TBpQi +QHmKMb Q7 A′ �`2 i?2 1@bi- 3@`/- 4@i? +QHmKMbX >2M+2 i?2 `�MF Q7 A Bb 3X

� #�bBb Q7 C(A) Bb +QMbiBimi2/ #v




1
0
2
3



 ,




−1
2
−1
−1



 ,




1
3
3
5



X

h?2 /BK2MbBQM Q7 C(A) Bb 3X

� #�bBb Q7 N (A) Bb +QMbiBimi2/ #v





2
1
0
0
0
0
0




,





0
0
−1
−1
1
0
0




,





−1
0
2
1
0
1
0




,





−1
0
−3
−2
0
0
1




X

h?2 /BK2MbBQM Q7 N (A) Bb 4X
�b 2tT2+i2/ 7`QK i?2Q`v- r2 ?�p2 dim(N (A)) + dim C(A) = 7X

BBX LQi2 i?�i B =





1 0 2 3
−2 0 −4 −6
−1 2 −1 −1
1 3 3 5
0 5 2 4
2 −7 1 0
0 12 5 10




- B′ =





1 0 0 −1
0 1 0 0
0 0 1 2
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




X

h?2 TBpQi +QHmKMb Q7 B′ �`2 i?2 1@bi- 2@M/- 3@`/ +QHmKMbX >2M+2 i?2 `�MF Q7 B Bb 3X

� #�bBb Q7 C(B) Bb +QMbiBimi2/ #v





1
−2
−1
1
0
2
0




,





0
0
2
3
5
−7
12




,





2
−4
−1
3
2
1
5




X

h?2 /BK2MbBQM Q7 C(B) Bb 3X

� #�bBb Q7 N (B) Bb +QMbiBimi2/ #v




1
0
−2
1



X

h?2 /BK2MbBQM Q7 N (B) Bb 1X
�b 2tT2+i2/ 7`QK i?2Q`v- r2 ?�p2 dim(N (At)) + dimR(A) = dim(N (At)) + dim C(At) = dim(N (B)) +

dim C(B) = 4X

9X _2+�HH i?2 ǵmMB[m2M2bbǶ Q7 {0n} �M/ Rn �b ǵ2ti`2K2Ƕ bm#bT�+2b Q7 Rn,ě
h?2Q`2K (")X
{0n} Bb i?2 QM2 �M/ QMHv QM2 0@/BK2MbBQM�H bm#bT�+2 Q7 Rn- �M/ Rn Bb i?2 QM2 �M/ QMHv QM2 n@/BK2MbBQM�H bm#bT�+2
Q7 RnX
q2 �`2 MQr ;QBM; iQ �TTHv h?2Q`2K (!)- h?2Q`2K (") �M/ i?2 _�MF@MmHHBiv 6Q`KmH�2 iQ /2/m+2 � ?B;?Hv MQM@i`BpB�H
`2bmHi �#Qmi bvbi2Kb Q7 HBM2�` 2[m�iBQMb Ur?B+? ?�b rB/2 �TTHB+�iBQMb BM Qi?2` /Bb+BTHBM2bVX
h?2Q`2K UkVX

j
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amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

(#) C(A) = Rp B7 �M/ QMHv B7 N (At) = {0p}X
(#∗) R(A) = Rq B7 �M/ QMHv B7 N (A) = {0q}X

8X S`QQ7 Q7 h?2Q`2K UkVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

U�V (q2 r�Mi iQ p2`B7v (#), C(A) = Rp B7 �M/ QMHv B7 N (At) = {0p}X)
S`2T�`�iBQMX
"v h?2Q`2K (!)- dim(R(A)) = dim(C(A))X
"v i?2 _�MF@MmHHBiv 6Q`KmH�- dim(N (At)) + dim(R(A)) = pX
h?2M dim(N (At)) + dim(C(A)) = dim(N (At)) + dim(R(A)) = pX
h?2`27Q`2 dim(C(A)) = p− dim(N (At))X ěě ($)

BX amTTQb2 C(A) = RpX h?2M #v h?2Q`2K (")- r2 ?�p2 dim(C(A)) = pX
h?2`27Q`2- #v ($)- r2 ?�p2 dim(N (At)) = 0X >2M+2- #v h?2Q`2K (")- r2 ?�p2 N (At) = {0p}X

BBX amTTQb2 N (At) = {0p}X h?2M #v h?2Q`2K (")- r2 ?�p2 dim(N (At)) = 0X
h?2`27Q`2- #v ($)- r2 ?�p2 dim(C(A)) = pX >2M+2- #v h?2Q`2K (")- r2 ?�p2 C(A) = RpX

U#V .2}M2 B = AtX LQi2 i?�i B Bb � (q × p)@K�i`Bt rBi? `2�H 2Mi`B2bX _2T2�iBM; i?2 �`;mK2Mi �#Qp2- r2 /2/m+2
i?�i C(B) = Rq B7 �M/ QMHv B7 N (Bt) = {0q}X
LQi2 i?�i C(B) = C(At) = R(A) �M/ Bt = (At)t = AX
>2M+2 R(A) = Rq B7 �M/ QMHv B7 N (A) = {0q}X

eX q2 K�v 2tTHB+BiHv `2@7Q`KmH�i2 i?2 +QMi2Mi Q7 h?2Q`2K UkV BM i?2 H�M;m�;2 Q7 bvbi2Kb Q7 HBM2�` 2[m�iBQMb,ě
h?2Q`2K UjVX U*Q`QHH�`v iQ h?2Q`2K UkVXV
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 `2bmHib (#), (#∗) ?QH/,ě

(#) h?2 bi�i2K2Mib (#1), (#2) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
(#1) 6Q` �Mv b ∈ Rp- i?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX
(#2) h?2 ?QKQ;2M2Qmb bvbi2K LS(At, 0q) ?�b MQ MQM@i`BpB�H bQHmiBQM BM RpX

(#∗) h?2 bi�i2K2Mib (#∗1), (#
∗
2) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(#∗1) 6Q` �Mv c ∈ Rq- i?2 bvbi2K LS(At, c) Bb +QMbBbi2MiX
(#∗2) h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQM BM RqX

_2K�`FX q?2M A Bb � b[m�`2 K�i`Bt U�M/ ?2M+2 p = qV- r2 FMQr 7`QK i?2 i?2Q`v Q7 BMp2`iB#BHBiv i?�i �HH
7Qm` bi�i2K2Mib (#1), (#2), (#∗1), (#

∗
2) rBHH #2 HQ;B+�H 2[mBp�H2Mi iQ 2�+? Qi?2`X aQ r?�i r2 ?�p2 /Bb+Qp2`2/ ?2`2 Bb �

`2}M2K2Mi Q7 2�`HB2` `2bmHib- i?`Qm;? i?2 mb2 Q7 KQ`2 �/p�M+2/ i?2Q`2iB+�H K�+?BM2`vX

dX qBi? � Tm`2Hv HQ;B+�H +QMbB/2`�iBQM- r2 �HbQ ?�p2 i?2 `2bmHi #2HQr,ě
h?2Q`2K U9VX U*Q`QHH�`v iQ h?2Q`2K UjVXV

amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 `2bmHib (̃#), (#̃∗) ?QH/,ě

(̃#) h?2 bi�i2K2Mib (∼#1), (∼#2) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
(∼#1) h?2`2 Bb bQK2 b ∈ Rp bm+? i?�i i?2 bvbi2K LS(A, b) Bb BM+QMbBbi2MiX
(∼#2) h?2 ?QKQ;2M2Qmb bvbi2K LS(At, 0q) ?�b bQK2 MQM@i`BpB�H bQHmiBQM BM RpX

(#̃∗) h?2 bi�i2K2Mib (∼#∗1), (∼#∗2) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
(∼#∗1) h?2`2 Bb bQK2 c ∈ Rq bm+? i?�i i?2 bvbi2K LS(At, c) Bb BM+QMbBbi2MiX
(∼#∗2) h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b bQK2 MQM@i`BpB�H bQHmiBQM BM RqX

3X 1t�KTH2 UkVX UAHHmbi`�iBQM Q7 i?2 +QMi2Mi Q7 h?2Q`2K UjV �M/ h?2Q`2K U9VXV
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U�V G2i

A =





1 2 −5 15
−1 −1 3 −9
3 4 −10 31
2 3 −8 25
1 3 −4 13



.

h?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb ;Bp2M #v

A =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0



.

h?2`27Q`2 LS(A, 05) ?�b MQ MQM@i`BpB�H bQHmiBQM BM R4X
Ai 7QHHQrb i?�i 7Q` �Mv c ∈ R4- i?2 bvbi2K LS(At, c) Bb +QMbBbi2MiX
aQ MQ K�ii2` r?B+? U`2�HV p�Hm2b c1, c2, c3, c4 i�F2- i?2 bvbi2K






x1 − x2 + 3x3 + 2x4 + x5 = c1
2x1 − x2 + 4x3 + 3x4 + 3x5 = c2

−5x1 + 3x2 − 10x3 − 8x4 − 4x5 = c3
15x1 − 9x2 + 31x3 + 25x4 + 13x5 = c4

Bb +QMbBbi2MiX
U#V G2i

A =





1 3 1 −2 1
1 3 2 −3 −3
2 6 1 −2 10
−1 −3 −3 1 −5
0 0 1 −1 −4
1 3 −2 −1 5




.

h?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb ;Bp2M #v

A′ =





1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




.

h?2`27Q`2 LS(A, 06) ?�b bQK2 MQM@i`BpB�H bQHmiBQM BM R5X
Ai 7QHHQrb i?�i i?2`2 Bb bQK2 c ∈ R6 7Q` r?B+? i?2 bvbi2K LS(At, c) Bb BM+QMbBbi2MiX
UAi rBHH i�F2 7m`i?2` rQ`F iQ BM/22/ TBM /QrM bQK2 bm+? +QM+`2i2 c ∈ R6XV

NX q2 +�M �HbQ ;Bp2 � `2@BMi2`T`2i�iBQM Q7 i?2 +QMi2Mi Q7 h?2Q`2K UkV BM i2`Kb Q7 i?2 MQiBQM Q7 HBM2�` +QK#BM�iBQM �M/
HBM2�` BM/2T2M/2M+2X
h?2Q`2K U8VX U*Q`QHH�`v iQ h?2Q`2K UkVXV

amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 `2bmHib (̂#), (#̂∗) ?QH/,ě

(̂#) h?2 bi�i2K2Mib (#̂1), (#̂2) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(#̂1) 1p2`v +QHmKM p2+iQ` rBi? p `2�H 2Mi`B2b Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 A Qp2` i?2 `2�HbX
(#̂2) h?2 `Qrb Q7 A �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX

(#̂∗) h?2 bi�i2K2Mib (#̂∗1), (#̂
∗
2) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(#̂∗1) 1p2`v `Qr p2+iQ` rBi? q `2�H 2Mi`B2b Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 AX
(#̂∗2) h?2 +QHmKMb Q7 A �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX

_2K�`FX q2 �HbQ ?�p2 � +QmMi2`T�`i iQ h?2Q`2K U8V- Q#i�BM2/ rBi? � Tm`2Hv HQ;B+�H +QMbB/2`�iBQM- i?�i i2HHb mb
r?�i 2t�+iHv rBHH ?�TT2M r?2M i?2 `Qrbf+QHmKMb Q7 A �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�HbX 6Q`KmH�i2 Bi �b �M
2t2`+Bb2X
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RyX q2 K�v rQM/2` r?�i +�M #2 b�B/ Q7 � K�i`Bt r?Qb2 +QHmKM bT�+2 �M/ MmHH bT�+2 �`2 MQi ǵ2ti`2K2Ƕ BM i?2 b2Mb2 Q7
h?2Q`2K (")X
h?2Q`2K UeVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX
h?2M i?2 BM2[m�HBiB2b #2HQr ?QH/,ě

URV dim(C(A)) ≤ KBM(p, q)- U�M/ dim(R(A)) ≤ KBM(p, q)VX
UkV dim(N (A)) ≥ K�t(0, q − p)X
UjV dim(N (At)) ≥ K�t(0, p− q)X

_2K�`FX AM i?2 BM2[m�HBiv UkV- r?�i Bb BMi2`2biBM; Bb i?2 b+2M�`BQ BM r?B+? i?2 bi`B+i BM2[m�HBiv p < q ?QH/bX
AM i?Bb bBim�iBQM- i?2 BM2[m�HBiv ǵdim(N (A)) ≥ K�t(0, q − p)Ƕ Bb � p2`v ǵ+QKT�+iǶ r�v Q7 T`2b2MiBM; i?2 7QHHQrBM;
T?2MQK2MQM �#Qmi i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p),ě

Ç q?2M i?2 MmK#2` Q7 mMFMQrMb BM LS(A, 0p) 2t+22/b i?2 MmK#2` Q7 2[m�iBQMb BM LS(A, 0p) #v- b�v- k- i?2M
i?2 MmHH bT�+2 Q7 A rBHH ?�p2 � #�bBb r?B+? ?�b �i H2�bi k +QHmKM p2+iQ`b rBi? q 2Mi`B2bX

RRX 1t�KTH2 UjVX UAHHmbi`�iBQM Q7 i?2 +QMi2Mi Q7 h?2Q`2K UeVXV
G2i

A =




1 3 1 −2 1
1 3 2 −3 −3
2 6 1 −2 10
−1 −3 −3 1 −5



.

h?2Q`2K UeV BM7Q`Kb mb i?�i dim(N (A)) ≥ max(0, 5− 4) = max(0, 1) = 1X
LQr r2 BM/22/ +QKTmi2 dim(N (A))X
LQi2 i?�i i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb ;Bp2M #v

A′ =




1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0



.

q2 ?�p2 N (A) = N (A′)- �M/ ?2M+2 dim(N (A)) = dim(N (A′)) = 2 BM 7�+iX

RkX S`QQ7 Q7 h?2Q`2K UeVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

URV �;�BM `2+�HH i?�i i?2 /BK2MbBQM Q7 C(A) Bb i?2 `�MF r Q7 i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi
iQ AX
�b r Bb i?2 MmK#2` Q7 MQM@x2`Q `Qrb BM A′- Bi Bb Q7 p�Hm2 �i KQbi pX
�HbQ- �b r Bb i?2 MmK#2` bBKmHi�M2bQmbHv i?2 MmK#2` Q7 TBpQi +QHmKMb BM A′- Bi Bb Q7 p�Hm2 �i KQbi qX
>2M+2 r Bb Q7 p�Hm2 �i KQbi i?2 KBMBKmK #2ir22M p, qX

UkV "v i?2 _�MF@MmHHBiv 7Q`KmH�2- r2 ?�p2 dim(C(A)) = q − dim(N (A))X
aBM+2 dim(C(A)) ≤ p- r2 ?�p2 p ≥ q − dim(N (A))X
h?2M dim(N (A)) ≥ q − pX
�HbQ MQi2 i?�i dim(N (A)) ≥ 0X
h?2`27Q`2 dim(N (A)) ≥ K�t(0, q − p)X

UjV AMi2`+?�M;BM; i?2 `2bT2+iBp2 `QH2b Q7 A,At- �M/ Q7 p, q BM i?2 �`;mK2Mi �#Qp2- r2 /2/m+2 i?�i dim(C(At)) ≤
KBM(q, p)- �M/ dim(N (At)) ≥ K�t(0, p− q)X

RjX q2 MQr `2+�HH i?2 BM2[m�HBiv `2bmHi 7Q` /BK2MbBQMb Q7 ǵ+QKT�`�#H2Ƕ bm#bT�+2b- r?B+? Bb H�#2H2/ h?2Q`2K ("") ?2`2X
h?2Q`2K ("")X
G2i V,W #2 bm#bT�+2b Q7 Rq Qp2` i?2 `2�HbX
amTTQb2 V Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�HbX
h?2M dim(V) ≤ dim(W)X
JQ`2Qp2`- 2[m�HBiv ?QH/b B7 �M/ QMHv B7 V = WX
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R9X q2 �`2 ;QBM; iQ �TTHv h?2Q`2K (!)- h?2Q`2K ("")- i?2 _�MF@MmHHBiv 6Q`KmH�2- �M/ G2KK� UdV- iQ /2/m+2 bQK2
7Q`KmH�2 i?�i `2H�i2 i?2 /BK2MbBQMb Q7 MmHH bT�+2- +QHmKM bT�+2 �M/ `Qr bT�+2 7Q` T`Q/m+ib Q7 K�i`B+2b rBi? i?�i
7Q` i?2 BM/BpB/m�H K�i`B+2b i?�i K�F2 i?2 T`Q/m+ibX
G2KK� UdVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ B Bb � (q × s)@K�i`Bt rBi? `2�H 2Mi`B2bX
h?2M N (B) Bb � bm#bT�+2 Q7 N (AB) Qp2` i?2 `2�HbX JQ`2Qp2`- dim(N (B)) ≤ dim(N (AB))X
S`QQ7 Q7 G2KK� UdVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ B Bb � (q × s)@K�i`Bt rBi? `2�H 2Mi`B2bX
"v /2}MBiBQM- AB Bb �M (p× s)@K�i`BtX LQi2 i?�i N (B)- N (AB) �`2 #Qi? bm#bT�+2b Q7 Rs Qp2` i?2 `2�HbX

(q2 r�Mi iQ p2`B7v i?�i N (B) Bb � bm#bT�+2 Q7 N (AB) Qp2` i?2 `2�HbX
h?Bb �KQmMib iQ p2`B7vBM; i?2 bi�i2K2Mi ǵ7Q` �Mv v ∈ Rs- B7 v ∈ N (B) i?2M v ∈ N (AB)ǶX)

SB+F �Mv p2+iQ` v ∈ RsX amTTQb2 v ∈ N (B)X h?2M #v /2}MBiBQM- Bv = 0qX
q2 ?�p2 (AB)v = A(Bv) = A0q = 0pX h?2M #v /2}MBiBQM v ∈ N (AB)X
Ai 7QHHQrb i?�i N (B) Bb � bm#bT�+2 Q7 N (AB)X "v h?2Q`2K ("")- dim(N (B)) ≤ dim(N (AB)) �HbQX

R8X h?2Q`2K U3VX UlTT2` #QmM/ Q7 +QHmKM `�MF Q7 T`Q/m+i Q7 K�i`B+2bXV
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ B Bb �M (q × s)@K�i`Bt rBi? `2�H 2Mi`B2bX
h?2M i?2 BM2[m�HBiB2b #2HQr ?QH/,

U�V dim(C(AB)) ≤ dim(C(B))X
U#V dim(C(AB)) ≤ dim(C(A))X
U+V dim(C(AB)) ≤ min(dim(C(A)), dim(C(B)))X

ReX �M BKK2/B�i2 +QMb2[m2M+2 Q7 i?2 H�bi T�`i BM h?2Q`2K U3V Bb i?2 MQM@i`BpB�H `2bmHi i?�i `2H�i2b i?2 `�MF Q7 i?2
T`Q/m+i Q7 irQ K�i`B+2b rBi? i?2 `2bT2+iBp2 `�MFb Q7 i?2 BM/BpB/m�H K�i`B+2b i?�i ;Bp2 i?2 T`Q/m+iX h?Bb Bb MQi
Q#pBQmb B7 r2 �`2 QMHv HQQFBM; �i i?2 `2/m+2/ `Qr@2+?2HQM 7Q`Kb `Qr@2[mBp�H2Mi iQ i?2 `2bT2+iBp2 K�i`B+2bX
h?2Q`2K UNVX U*Q`QHH�`v iQ h?2Q`2K U3VXV
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- Q7 `�MF rA- �M/ B Bb �M (q× s)@K�i`Bt rBi? `2�H 2Mi`B2b- Q7 `�MF rB X
h?2M i?2 `�MF Q7 AB Bb Q7 p�Hm2 �i KQbi min(rA, rB)X

RdX 1t�KTH2 U9VX UAHHmbi`�iBQM QM i?2 +QMi2Mi Q7 h?2Q`2K UNVXV

G2i A =




1 3 1 −2 1
1 3 2 −3 −3
2 6 1 −2 10
−1 −3 −3 1 −5



- B =





1 1 2 2 0 1
2 3 6 5 1 3
3 4 8 7 1 4
1 2 4 3 1 2
0 1 2 1 1 1



X

h?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb ;Bp2M #v

A′ =




1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0



.

>2M+2 i?2 `�MF Q7 A Bb 3X
h?2 `2/m+2/ `Qr@2+?2HQM 7Q`K B′ r?B+? Bb `Qr@2[mBp�H2Mi iQ B Bb ;Bp2M #v

B′ =





1 0 0 1 −1 0
0 1 2 1 1 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



.

>2M+2 i?2 `�MF Q7 B Bb 2X
LQi2 i?�i

AB =




8 11 22 19 3 11
10 9 18 19 −1 9
15 30 60 45 15 30
−15 −25 −50 −40 −10 −25



.
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�M/ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ AB Bb ;Bp2M #v

C ′ =




1 0 0 1 −1 0
0 1 2 1 1 1
0 0 0 0 0 0
0 0 0 0 0 0



.

>2M+2 i?2 `�MF Q7 AB Bb 2- r?B+? Bb MQ ;`2�i2` i?�M i?2 `2bT2+iBp2 `�MFb Q7 A,BX

R3X S`QQ7 Q7 h?2Q`2K U3VX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ B Bb � (q × s)@K�i`Bt rBi? `2�H 2Mi`B2bX

U�V "v i?2 _�MF@MmHHBiv 6Q`KmH�- r2 ?�p2 dim(N (B)) + dim(C(B)) = s- �M/ dim(N (AB)) + dim(C(AB)) = sX
"v G2KK� UdV- N (B) Bb � bm#bT�+2 Q7 N (AB)- �M/ i?2 BM2[m�HBiv dim(N (B)) ≤ dim(N (AB)) ?QH/bX
h?2M dim(C(AB)) = s− dim(N (AB)) ≤ s− dim(N (B)) = dim(C(B))X

U#V LQi2 i?�i BtAt = (AB)tX
"v G2KK� UdV- N (At) Bb � bm#bT�+2 Q7 N ((AB)t)- �M/ i?2 BM2[m�HBiv dim(N (At)) ≤ dim(N ((AB)t)) ?QH/bX
"v i?2 _�MF@MmHHBiv 6Q`KmH�- r2 ?�p2 dim(N (At)) + dim(R(A)) = p �M/ dim(N ((AB)t)) + dim(R(AB)) = pX
h?2M dim(R(AB)) = p− dim(N ((AB)t)) ≤ p− dim(N (At)) = dim(R(A))X
_2+�HH 7`QK h?2Q`2K (!) i?�i i?2 2[m�HBiB2b ǵdim(C(AB)) = dim(R(AB))Ƕ- ǵdim(R(A)) = dim(C(A))Ƕ ?QH/X
h?2M dim(C(AB)) ≤ dim(C(A))X

U+V q2 ?�p2 �H`2�/v p2`B}2/ i?2 BM2[m�HBiB2b ǵdim(C(AB)) ≤ dim(C(B))Ƕ �M/ ǵdim(C(AB)) ≤ dim(C(A))ǶX
Ai 7QHHQrb i?�i dim(C(AB)) ≤ min(dim(C(A)), dim(C(B)))X

RNX 1�`HB2` r2 ?�p2 BMi`Q/m+2/ i?2 `2bmHi #2HQr- r?B+? Bb H�#2H2/ h?2Q`2K (" " ")

h?2Q`2K (" " ")X
G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

amTTQb2 Â Bb � K�i`Bt rBi? q +QHmKMb r?Qb2 `Qrb �`2 �KQM;bi i?2 `Qrb Q7 AX
h?2M,ě

U�V N (A) Bb � bm#bT�+2 Q7 N
(
Â
)

Qp2` i?2 `2�HbX

JQ`2Qp2`- dim(N (A)) ≤ dim
(
N
(
Â
))

X

U#V R
(
Â
)

Bb � bm#bT�+2 Q7 R(A) Qp2` i?2 `2�HbX

JQ`2Qp2`- dim
(
R
(
Â
))

≤ dim(R(A))X

1[m�HBiv ?QH/b B7 �M/ QMHv B7 2�+? `Qr Q7 A Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 ÂX

kyX Ai Bb i2KTiBM; iQ BMb2`i �i i?2 2M/ Q7 T�`i U�V Q7 i?2 +QM+HmbBQM Q7 h?2Q`2K (" " ") i?2 rQ`/b #2HQr,ě

ǵ1[m�HBiv ?QH/b B7 �M/ QMHv B7 2�+? `Qr Q7 A Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 ÂXǶ

Ai im`Mb Qmi i?�i i?Bb ǵmT;`�/BM;Ƕ Q7 h?2Q`2K (" " ") Bb BM/22/ +Q``2+iX "mi i?Bb Bb � ?B;?Hv MQM@i`BpB�H K�ii2`- �b Bi
BMpQHp2b �M �TTHB+�iBQM Q7 i?2 _�MF@MmHHBiv 6Q`KmH�2X
h?2Q`2K (10)X
G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

amTTQb2 Â Bb � K�i`Bt rBi? q +QHmKMb r?Qb2 `Qrb �`2 �KQM;bi i?2 `Qrb Q7 AX
h?2M,ě

U�V BX N (A) Bb � bm#bT�+2 Q7 N
(
Â
)

Qp2` i?2 `2�Hb- �M/ i?2 BM2[m�HBiv dim(N (A)) ≤ dim
(
N
(
Â
))

?QH/bX

BBX R
(
Â
)

Bb � bm#bT�+2 Q7 R(A) Qp2` i?2 `2�Hb- �M/ i?2 BM2[m�HBiv dim
(
R
(
Â
))

≤ dim(R(A)) ?QH/bX

U#V h?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U#RV 1�+? `Qr Q7 A Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 ÂX

U#kV dim(N (A)) = dim
(
N
(
Â
))

X
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U#jV dim(R(A)) = dim
(
R
(
Â
))

X

U#9V N (A) = N
(
Â
)

X

U#8V R(A) = R
(
Â
)

X

kRX *QKK2Mi QM i?2 �`;mK2Mi 7Q` h?2Q`2K URyVX
�HKQbi 2p2`vi?BM; BM h?2Q`2K URyV Bb � `2@T�+F�;BM; Q7 h?2Q`2K (" " ")X h?2 QMHv [m2biBQM Bb r?2i?2` i?2 }p2
bi�i2K2Mib U#RV@U#8V bi�i2/ BM T�`i U#V Q7 Bib +QM+HmbBQM �`2 BM/22/ HQ;B+�HHv 2[mBp�H2MiX
h?2Q`2K ("") �M/ h?2Q`2K (" " ") BM 7�+i BM7Q`K mb i?�i,ě

Ç i?2 bi�i2K2Mib U#kV- U#9V �`2 HQ;B+�HHv 2[mBp�H2Mi-
Ç i?2 bi�i2K2Mib U#jV- U#8V �`2 HQ;B+�HHv 2[mBp�H2Mi- �M/
Ç i?2 bi�i2K2Mib U#RV- U#jV �`2 HQ;B+�HHv 2[mBp�H2MiX

aQ Bi bm{+2b 7Q` mb iQ bBKTHv /2/m+2 i?2 HQ;B+�H 2[mBp�H2M+2 Q7- b�v- i?2 bi�i2K2Mib U#kV- U#jVX

kkX S`QQ7 Q7 Ui?2 HQ;B+�H 2[mBp�H2M+2 Q7 i?2 bi�i2K2Mib U#kV- U#jV BM i?2 +QM+HmbBQM BMV h?2Q`2K URyVX
G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

amTTQb2 Â Bb � K�i`Bt rBi? q +QHmKMb r?Qb2 `Qrb �`2 �KQM;bi i?2 `Qrb Q7 AX
q2 p2`B7v i?�i i?2 bi�i2K2Mib U#kV- U#jV �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U#kV dim(N (A)) = dim
(
N
(
Â
))

X

U#jV dim(R(A)) = dim
(
R
(
Â
))

X

"v h?2Q`2K (!) �M/ i?2 _�MF@MmHHBiv 6Q`KmH�2- r2 ?�p2

dim
(
N
(
Â
))

+ dim
(
R
(
Â
))

= dim
(
N
(
Â
))

+ dim
(
C
(
Â
))

= q

= dim(N (A)) + dim(C(A))

= dim(N (A)) + dim(R(A)).

Ai 7QHHQrb 7`QK i?Bb +?�BM Q7 2[m�HBiB2b i?�i dim(N (A)) = dim
(
N
(
Â
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B7 �M/ QMHv B7 dim(R(A)) = dim
(
R
(
Â
))

X

kjX AMi2`T`2i�iBQM Q7 T�`i U#V BM i?2 +QM+HmbBQM Q7 h?2Q`2K URyVX
h?2 HQ;B+�H 2[mBp�H2M+2 #2ir22M U#RV �M/ U#kV Bb � K�i?2K�iB+�HHv T`2+Bb2 7Q`KmH�iBQM Q7 i?2 ǵ7�+iǶ #2HQr �#Qmi i?2
?QKQ;2M2Qmb bvbi2K LS(A, 0p),ě
.2MQi2 i?2 `Qrb Q7 A- 7`QK iQT iQ #QiiQK- #v a1,a2, · · · ,apX
amTTQb2 r2 +�M B/2MiB7v r HBM2�`Hv BM/2T2M/2Mi `Qr p2+iQ`b �KQ;Mbi a1,a2, · · · ,ap- b�v- ak1 ,ak2 , · · · ,akr - Q7 r?B+?
2p2`v Qi?2` Q7 i?2 aj Ƕb Bb � HBM2�` +QK#BM�iBQMX
AM Qi?2` rQ`/b- r2 ?�p2 Q#i�BM2/ � #�bBb 7Q` R(A) Qp2` i?2 `2�Hb +QMbiBimi2/ #v ak1

t,ak2
t, · · · ,akr

tX
h?2M- r?2M r2 bQHp2 i?2 bvbi2K LS(A, 0p)- r2 K�v

Ç ǵb�72HvǶ B;MQ`2 i?Qb2 2[m�iBQMb BM LS(A, 0p) MQi �KQM;bi LS(ak1 , 01)- LS(ak2 , 01)- XXX- LS(akr , 01)- �M/

Ç bBKTHv 7Q+mb QM bQHpBM; i?2 ?QKQ;2M2Qmb bvbi2K LS
(
Â, 0r

)
- BM r?B+? Â Bb i?2 (r × q)@K�i`Bt r?Qb2 `Qrb-

7`QK iQT iQ #QiiQK- �`2 ;Bp2M #v ak1 ,ak2 , · · · ,akr X

aBM+2 N (A) = N
(
Â
)

- � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb Q7 LS
(
Â, 0r

)
Bb i?2 b�K2 �b � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb

Q7 LS(A, 0p)X
Uh?Bb Bb BM 7�+i i?2 b�K2 2bb2M+2 Q7 i?2 �TTHB+�iBQM Q7 :�mbbB�M 2HBKBM�iBQM BM bQHpBM; LS(A, 0p)X :�mbbB�M 2HBKBM�@
iBQM BM 7�+i i�F2b i?2 �#Qp2 �TT`Q�+? ǵQM2 bi2T 7m`i?2`ǶX AMbi2�/ Q7 B/2MiB7vBM; � #�bBb 7Q` R(A) Qp2` i?2 `2�Hb 7`QK
�KQM;bi a1t,a2t, · · · ,apt QMHv- r2 Dmbi rQ`F Qmi � #�bBb 7Q` R(A) Qp2` i?2 `2�Hb r?B+? �`2 ;Bp2M #v i?2 `2bT2+iBp2
i`�MbTQb2b Q7 i?2 MQM@x2`Q `Qrb Q7 i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ AXV
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